Abstract. We consider an interacting homogeneous Bose gas at zero temperature in two spatial dimensions. The properties of the system can be calculated as an expansion in powers of g, where g is the coupling constant. We calculate the ground state pressure and the ground state energy density to second order in the quantum loop expansion. The renormalization group is used to sum up leading and subleading logarithms from all orders in perturbation theory. In the dilute limit, the renormalization group improved pressure and energy density are expansions in powers of the T 2B and T 2B ln(T 2B ), respectively, where T 2B is the two-body T -matrix.
Introduction
The remarkable achievement of Bose-Einstein condensation (BEC) of alkali atoms in harmonic traps [1] [2] [3] has created an enormous interest in the properties of dilute Bose gases (for a review, see e.g. Ref.
[4] and references therein).
The homogeneous Bose gas in three dimensions has been studied in great detail over the past 50 years (for a review, see e.g. [5] ). At zero temperature, the quantum loop expansion is essentially an expansion in powers of ρa 3 , where a is the two-body s-wave scattering length and ρ is the density. Lee and Yang [6] were the first to calculate the leading quantum correction to the energy density. Part of the second quantum correction to the energy density was obtained by Wu, by Hugenholz and Pines, and by Sawada [7] . Only recently has a complete two-loop result been obtained by Braaten and Nieto [8] . The result depends, in addition to the scattering length, also on the scattering amplitude for 3 → 3 scattering.
The homogeneous Bose gas in two dimensions has also been studied extensively. The chemical potential and ground state energy density of a two-dimensional homogeneous Bose gas were first calculated by Schick [10] . By summing up ladder diagrams, he showed that in the dilute limit, the leading order results for the energy density and chemical potential are proportional to the two-
, where ρ is the density and a is the range of the interaction. Corrections to these results have been considered by several authors [11] [12] [13] [14] [15] [16] . a e-mail: andersen@phys.uu.nl A formal proof of the result by Schick was given by Lieb and Yngvason [17, 18] . Very recently, the two-dimensional Bose gas has been studied by Bernardet et al. [19] using lattice simulations.
A Bose-Einstein condensate in a two-dimensional homogeneous Bose gas only exists at T = 0. At finite temperature, phase fluctuations destroy the condensate. This is reflected in the Mermin-Wagner theorem [20, 21] , which states that there is no spontaneous breakdown of a continuous symmetry in a homogeneous system in two dimensions at finite temperature. The physics of twodimensional homogeneous Bose gases is nonetheless very interesting. A dilute homogeneous Bose gas in two dimensions is expected to undergo a phase transition at finite temperature, which is the Kosterlitz-Thouless transition [22] . Below the critical temperature, the gas is superfluid but has only algebraic long-range order. This topological phase transition is not characterized by a local order parameter, but by the unbinding of vortex pairs and the destruction of superfluidity. The superfluid phase is characterized by the existence of a quasicondensate [12] which roughly speaking corresponds to a condensate with a fluctuating phase. The existence of a quasicondensate has been observed in spin-polarized hydrogen adsorbed on a superfluid 4 He surface by Safonov et al. [23] . In the present paper, we reconsider the homogeneous Bose gas in two dimensions at zero temperature. We calculate the pressure and energy density of the ground state to second order in the quantum loop expansion. We also apply the renormalization group to sum up leading and subleading logarithms from all orders of perturbation theory. In the dilute limit, the renormalization group improved 390 The European Physical Journal B pressure and energy density are essentially expansions in powers of T 2B and T 2B ln(T 2B ), respectively. The paper is organized as follows. In Section 2, we discuss the perturbative framework developed in reference [8] to calculate the ground state properties of a homogeneous Bose gas. In Section 3, we calculate the ground state pressure to two-loop order. In Section 4, we calculate the ground state energy density through two loops. In Section 5, we apply the renormalization group to sum up leading and subleading logarithms from all orders in perturbation theory. Finally, we summarize in Section 6. Calculational details are included in an appendix.
Perturbative framework
In this section, we discuss the perturbative framework set up in reference [8] to calculate the effects on the ground state from quantum fluctuations around the mean field.
The action is
is a complex field operator that creates a boson at the position x, µ is the chemical potential, and V 0 (x) is the two-body potential. In the following, we set = 2m = 1. Factors of and 2m can be reinserted using dimensional analysis.
The action equation (1) is symmetric under a phase transformation
The U (1)-symmetry ensures that the density ρ and current density j satisfy the continuity equatioṅ
In the ground state, the current density j vanishes identically and the condensate has a constant phase. The U (1)-symmetry can then be used to make the condensate real everywhere. If the interatomic potential V 0 (x) is short range, it can be mimicked by local interactions. If the energies are low enough, the scattering amplitude can be approximated by s-wave scattering and the action equation (4) can be approximated by [9]
Here, g is a coupling constant that must be tuned to reproduce some low-energy observable of the true potential V 0 (x).
The quantum field theory defined by the action equation (4) has ultraviolet divergences that must be removed by renormalization of µ and g. There is also an ultraviolet divergence in the expression for the density ρ. This divergence can be removed by adding a counterterm δρ. Alternatively, one can eliminate the divergences associated with µ and ρ by a normal-ordering prescription of the fields in equation (4). The coupling constant is renormalized in the usual way by replacing the bare coupling with the physical one.
If we use a simple momentum cutoff M to cut off the ultraviolet divergences in the loop integrals, there will be terms proportional to M p , where p is a positive integer. There are also terms that are proportional to ln(M ). The coefficients of the power divergences depend on the regularization method and are therefore artifacts of the regulator. On the other hand, the coefficients of ln(M ) are independent of the regulator and they therefore represent real physics. In this paper, we use dimensional regularization to regulate both infrared and ultraviolet divergences. In dimensional regularization, one calculates the loop integrals in d = 2 − 2 dimensions for values of where the integrals converge. One then analytically continues back to d = 2 dimensions. With dimensional regularization, an arbitrary renormalization scale M is introduced. This scale can be identified with the simple momentum cutoff mentioned above. An advantage of dimensional regularization is that it automatically sets power divergences to zero, while logarithmic divergences show up as poles in . In two dimensions, the one-loop counterterms for the chemical potential µ and the density ρ are quadratic ultraviolet divergences, while the one-loop counterterm for the coupling constant g is a logarithmic ultraviolet divergence. At the two-loop level, the counterterms for the chemical potential and the density are also quadratic divergences. The counterterm for the coupling constant is a double logarithmic divergence.
We next parameterize the quantum field ψ in terms of a time-independent condensate v and a quantum fluctuating fieldψ:
The fluctuating field can be written in terms of two real fields:ψ
Substituting equation (6) into equation (4), the action can be decomposed into three terms
S [v] is the classical action
